We propose to cool a mechanical resonator close to its ground state via an electromagnetically-inducedtransparency-(EIT-) like cooling mechanism in a double-cavity optomechanical system, where an additional cavity couples to the original one in the standard optomechanical system. By choosing optimal parameters such that the cooling process of the mechanical resonator corresponds to the maximum value of the optical fluctuation spectrum and the heating process to the minimum one, the mechanical resonator can be cooled with the final mean phonon number less than that at the absence of the additional cavity. And we show the mechanical resonator may be cooled close to its ground state via such an EIT-like cooling mechanism even when the original resolved sideband condition is not fulfilled at the absence of the additional cavity.
I. INTRODUCTION
Cooling mechanical resonators (MRs) has become an important topic for various fields of physics [1] . It is a prerequisite to even get the ground-state cooling of MRs for their possible uses in quantum information processing [2] . Various experiments have demonstrated significant cooling of MRs in optomechanical systems [3] . Recently, the ground-state cooling of MRs has already been achieved [4] [5] [6] .
So far, many theoretical cooling schemes [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] have been proposed to achieve the ground-state cooling of MRs. Among them, the most studied and famous scheme is the (resolved) sideband cooling [9] for a standard optomechanical system wherein the MR is coupled to the optical field via radiation pressure force. According to the quantum theory of sideband cooling of MRs [9] , the desired fluctuation spectrum of the optical field that couples to the MR determines the transition rates of both cooling and heating processes of the MR, i.e. the fluctuation spectrum at the MR frequency ω m causes the cooling transition, whereas the one at −ω m causes the heating transition, corresponding to the anti-Stokes and the Stokes processes, respectively. In the resolved sideband case, the decay rate of the optical field (cavity field) is less than the frequency of the MR, that is, the (half-) width of the single Lorentzian peak of the optical fluctuation spectrum is less than the mechanical frequency, one may obtain the ground-state cooling of the MR by putting the cooling anti-Stokes process corresponding to the maximum value of the optical fluctuation spectrum and the heating Stokes process to a much smaller one.
However, except for some special optomechanical systems as in Ref. [5, 6] , the resolved sideband condition is hard to be fulfilled in many experimental optomechanical systems. Thus, other ground-state cooling schemes beyond the sideband cool- * Electronic address: liyong@csrc.ac.cn ing are required [8, [12] [13] [14] [15] [16] . Xia and Evers [12] have applied the electromagnetically-induced-transparency-(EIT-) cooling scheme of the motion of trapped particle [17] to cool a MR when it couples to a three-level superconducting flux qubit. This EIT cooling works in the non-resolved sideband regime but suppresses the (carrier) heating processes by means of the EIT phenomenon [18] in three-level systems. The similar EITlike cooling mechanism has been used to cool the MR when it couples to the single electronic spin qubit of nitrogen-vacancy impurity [13] . Recently Genes et al. [15] also proposed an EIT ground-state cooling scheme of MR via EIT in the threelevel atomic medium in a hybrid optomechanical system.
Here, motivated by these works, we propose an EIT-like ground-state cooling scheme of MR in a double-cavity optomechanical system. In our model, the MR is coupled to the first one of the two coupled single-mode cavities (also called optical molecule [19] ) via the radiation pressure force. The desired optical fluctuation spectrum to which the MR is subjected is determined by the two coupled cavities and splits from the single Lorentzian peak of the standard optomechanical case into two relatively narrower peaks with a dip emerging between them. When the decay rate of the second cavity is small enough (e.g., much smaller than that of the first one and the coupling strength between the cavities), the dip will be approximately close to zero and the corresponding spectrum will have the EIT-like form, similar to the EIT phenomenon in typical Λ-type three-level atomic systems [18] . By putting the cooling (anti-stokes) process of the MR corresponding to the maximum value of the optical fluctuation spectrum and the heating (Stokes) process to the minimum one, the mechanical resonator can be cooled better than that at the absence of the additional cavity, and even be cooled to the ground state.
Note that the EIT-like phenomenon in two coupled cavities has been achieved in experiments [20] . The analog of the EIT-like phenomenon in coupled harmonic oscillators (e.g., bosonic cavity modes or mechanical resonators) with the EIT phenomenon of Λ-type three-level atomic systems has also been discussed [21, 22] . We also note that a ground-state cooling scheme was proposed in an optomechanical system involving two cavity modes and one MR [16] . The difference between the work in Ref. [16] and ours is the following: 1) In Ref. [16] , two cavity modes are indirectly coupled to each other via the atomic medium in a mixed cavity system, here the two single-mode cavities are directly coupled in a photonic molecule system; 2) The MR couples to both the cavity modes in Ref. [16] , while it couples to only one of the single-mode cavities in our model. This paper is organized as follows. In Sec. II, we describe in detail our model Hamiltonian and discuss the final mean phonon number analytically. In Sec. III, the detailed properties of the optical fluctuation spectrum via the EIT-like mechanism and the optimal cooling conditions are discussed. Finally, a brief conclusion is given in Sec. IV.
II. HAMILTONIAN OF THE MODEL AND RATE EQUATIONS OF THE MECHANICAL RESONATOR
The system we study here is composed of a MR and two coupled single-mode cavities. The MR couples to the first cavity which is driven by an external optical field, forming a standard optomechanical subsystem. The second cavity couples to the first one with the coupling strength J. In experiments, such a double-cavity optomechanical model can be achieved in the systems based on Fabry-Perot cavities or whispering gallery cavities [23] (see Fig. 1 .
The Hamiltonian of this system reads ( = 1)
Here a 1 , a 2 and b are the annihilation operators of the two cavity modes and the MR, with ω 1 , ω 2 and ω m being their frequencies, respectively. g 0 is the single-photon optomechanical coupling coefficient. ω L is the frequency of the driving field, and ε is related to the power of the driving laser. Note that only the first cavity is driven by the external field and couples to the MR. In a frame rotating at the driving frequency ω L , the Hamiltonian (1) becomes
where
are the detunings of the two cavity modes from the driving field, respectively.
By rewriting each operator as a sum of its steady state mean value and a zero-mean fluctuation like a 1 = α 1 + δa 1 , a 2 = α 2 + δa 2 , b = β + δb, and following the usual linearization approach [9, 10] for the case of α 1 ≫ 1 in optomechanical systems, one can obtain the effective linearlized Hamiltonian of the fluctuation operators (hereafter we drop the notation "δ" for all the fluctuation operators for the sake of simplicity, like "δa 1 → a 1 ")
is the effective detuning of the first cavity mode, g = g 0 α 1 is the enhanced effective optomechanical coupling coefficient with the steady-state value
Without loss of generality, we have assumed the steady-state values α 1 to be real. The last term in the second line of Eq. (3) describes the effective optomechanical coupling, where a † 1 + a 1 =: F represents the effective (dimensionless) optical force on the MR.
According to the effective Hamiltonian (3) and following the methods as given in Refs. [9, 24] , one can write down the rate equations of the MR aṡ
by eliminating the degrees of freedom of the optical field. Here, P n is the probability for the MR to be in the mechanical Fock state |n with n phonons. Γ n ′ ←n represents the transition rate from the Fock state |n to |n ′ induced by the effective optomechanical coupling, and by using Fermi's golden rule [24] , one can obtain From the rate equations (5) one can solve the steady state final mean phonon number of the mechanical resonator which reads
n c is the quantum limit of cooling, since n f → n c when γ m → 0. γ c is the so-called cooling rate. The final mean phonon number n f is mainly determined by the positive and negative frequency parts of the fluctuation spectrum, i.e. S F F (±ω m ). Note that the positive frequency part S F F (+ω m ) that relates to the transition rate Γ n←n+1 determines the cooling process, whereas the negative frequency part S F F (−ω m ) that relates to Γ n+1←n determines the heating process. To cool the mechanical resonator close to its ground state, we need to control the fluctuation spectrum S F F (ω) of the optical force, i.e. strengthen the positive frequency part S F F (+ω m ) and suppress the negative frequency part S F F (−ω m ). In other words, large cooling rate γ c and small cooling limit n c are both required. In the weak coupling regime, the reaction of the MR to light can be neglected. So the fluctuation spectrum S F F (ω) of the optical force F = a † 1 + a 1 is totally determined by the optical part in the effective Hamiltonian (3):
Thus, S F F (ω) can be easily obtained from the corresponding quantum Langevin equationṡ
where κ 1 and κ 2 are the cavity decay rates, a 1,in and a 2,in are the noise operators with their non-zero correlation functions satisfying a j,in (t) a † j,in (t ′ ) = δ (t − t ′ ) (j = 1, 2). As a result, we obtain
FIG. 2: (Color online)
The optical fluctuation spectrum SF F (ω) (in arbitrary units) as a function of the frequency ω with four different optical coupling coefficients J. The effective detuning of the first cavity mode ∆1 = ωm and its decay rate is κ1 = 3ωm. While the detuning of the second cavity mode is ∆2 = −ωm and the corresponding decay rate is κ2 = 0.1ωm.
III. OPTICAL FLUCTUATION SPECTRUM AND EIT-LIKE COOLING
As mentioned above, the cooling result of the MR is mainly determined by the positive and negative frequency parts of the optical fluctuation spectrum, i.e. S F F (±ω m ). In the following, we investigate the dependence of the fluctuation spectrum S F F (ω) of the optical force on the parameters, e.g., the optical coupling coefficient between the two optical cavities, the (effective) optical detunings, in order to get the optimal cooling.
At the absence of the second cavity (J = 0), the profile of the optical fluctuation spectrum S F F (ω) has a Lorentzian shape with single peak located at ω = ∆ 1 and the (half-) width of the peak being κ 1 . According to the sideband cooling mechanism [9] , the necessary condition to get ground state cooling of the MR is that the sideband is resolved: κ 1 < ω m . In the case of non-resolved sideband, the fluctuation spectrum values S F F (+ω m ) and S F F (−ω m ) determining respectively the cooling and heating processes are comparable and therefore the optimal cooling of the mechanical resonator is not achieved. Here, we focus on the case of non-resolved sideband for the first cavity (κ 1 > ω m ) in the double-cavity optomechanical system.
In Fig. 2 , the optical fluctuation spectrum S F F (ω) versus the frequency ω is depicted with four different optical coupling coefficients. It is interesting that due to the existence of the coupling between two optical cavities (J > 0), the single Lorentzian peak splits into two relatively narrower peaks and a dip emerges between them. Physically the origin of the dip is similar to the two-photon resonance in the EIT phenomenon of three-level atomic system, as discussed in Ref. [22] . This means the tip of the spectrum S F F (ω) locates at ω = ∆ 2 ).
Consequently, in order to suppress the heating process as much as possible, that is, to make the related fluctuation spec-trum S F F (ω = −ω m ) take the value of the tip, the corresponding optimal condition can be attained as
In addition, it is found from Fig. 2 , that the positions of the two peaks of fluctuation spectrum depend strongly on the optical coupling coefficient J. In order to maximize the transition rate of the cooling process, the fluctuation spectrum value S F F (ω = +ω m ) determining the cooling process should be as large as possible. That is, we need to fix the centre of the right peak around ω = +ω m .
In fact, in the double-cavity optomechanical system, these two new peaks originate from the normal mode splitting, which can be seen by diagonalizing H op in Eq. (9) [the optical parts of the effective Hamiltonian (3)]
Here a ′ 1 = a 1 cos θ + a 2 sin θ and a ′ 2 = a 1 sin θ − a 2 cos θ are the annihilation operators for the diagonalized optical collective normal modes, where θ satisfies tan 2θ = 2J/(
is the eigen-frequency of diagonalized collective mode, corresponding to the location of the right (left) peak of the optical spectrum S F F (ω). Thus, in order to maximize the transition rate of cooling process, the optimal cooling condition is that S F F (+ω m ) is just corresponding to the right peak, that is
Combining Eqs. (12) and (15) one can obtain the optimal optical coupling coefficient as
When ω m < ∆ 1 , the fact that the "optimal" J from Eq. (16) means the right peak locates always at the right side of the point ω = +ω m and S F F (+ω m ) < S F F (∆ ′ 1 ). Nevertheless, one can also get cooling of MR in this case. In this work, we focus on the case of ω m > ∆ 1 .
In Fig. 3 , the optical fluctuation spectrum S F F (ω) is depicted with four different decay rates κ 2 under the optimal conditions that ∆ 2 = −ω m and the value of optical coupling J satisfies Eq. (16) . The effective detuning of the first cavity mode is selected as ∆ 1 = −3ω m , which means and corresponding optimal optical coupling coefficient J = 2 √ 2ω m . It is noted that even in the two optimal conditions with ∆ 2 = −ω m corresponding to minimal heating effect and ∆ ′ 1 = +ω m corresponding to maximal cooling effect, we should also require the value of the tip of the related spectrum being close to zero in order to get the nice cooling, e.g., ground-state cooling. This can be obtained by selecting properly the decay rate of the second optical cavity κ 2 which determines the deep of the dip of the fluctuation spectrum. In   FIG. 3: (Color online) The optical fluctuation spectrum SF F (ω) (in arbitrary units) with four different decay rates κ2 at the given optical effective detuning ∆1 = −3ωm and optimal detuning ∆2 = −ωm and corresponding optimal optical coupling coefficient J = 2 √ 2ωm. Here κ1 = 3ωm.
FIG. 4: (Color online)
The cooling rate γc as a function of the optical coupling coefficient J with different decay rates κ2. Here we fix g = 0.2ωm, and take ∆2 = −ωm, κ1 = 3ωm, and the optimal detuning ∆1 satisfying Eq. (16).
fact, when κ 2 is very small, e.g., κ 2 ≪ J, the value of the tip is close to zero (as seen in Fig. 2 ). It is also clearly seen from Fig. 3 that with decreasing the values of decay rates κ 2 , the height of the peak increases while the dip gets close to zero gradually. This suggests that in the double-cavity optomechanical system a small decay rate κ 2 is preferable for the cooling of the mechanical resonator. In Fig. 4 , the cooling rate γ c is given as a function of the optical coupling coefficient J with different decay rates κ 2 for the optimal conditions that ∆ 2 = −ω m and the detuning ∆ 1 satisfies Eq. (16) . We can know that the smaller κ 2 leads to better cooling rate. This agrees well with Eq. (7). The physical meaning is that the smaller κ 2 makes the dip of optical spectrum closer to zero, that is, better suppressing the heating process. The corresponding cooling limit in Eq. 8, n c , for fixed κ 2 = 0.1ω m is plotted in Fig. 5 (the blue dash line). In principle, the cooling limit n c becomes more and more close to zero as increasing the coupling J. However, in a realistic system, the final mean phonon number, n f , just takes the cooling limit n c when the MR thermal effect is much larger than the effect induced by the optical field, that is, γ m n m ≪ γ c n c from Eq. (6). This will be not always valid, especially when n c → 0 for large J.
In order to consider the final cooling of the MR, we take a set of experimentally feasible parameters as follows [25] :
−4 ω m , |ε| = 6000ω m (corresponding to the driving power P ∼ mW), and the initial phonon number n m = 312 (environment temperature T = 300 mK). For the other parameters, we take the optimal optical detuning ∆ 2 = −ω m , and the decay rates of the optical cavities κ 1 = 3ω m and κ 2 = 0.1ω m . And note that here the effective detuning ∆ 1 always satisfies the optimal condition of Eq. (16) . With these parameters, the final mean phonon number is plotted in Fig. 5 (the red solid line). One can see that the final mean phonon number n f can be less than 1, e.g., n f ≃ 0.32 < 1 for J = 1.6ω m where the corresponding ∆ 1 ≃ 0.12ω m and g ≃ 0.18ω m . That means even in the usual non-resloved sideband case (that is κ 1 > ω m ), the MR can be cooled close to its ground state due to the presence of the second cavity of good quality. The reason is that the interaction of the additional cavity with the first one makes the desired optical spectrum from the form of a Lorentian peak with the width larger than the MR's frequency (non-resolved sideband) to that with two peaks with the width of the right peak smaller than the MR's frequency. This means the effective resolved sideband condition is satisfied and thus the ground-state cooling of the MR can be achieved.
IV. CONCLUSION
In summary, we have studied the cooling of a MR in a double-cavity optomechanical system. By applying the Fermi's golden rule approach to get the rate equation of the MR we obtain the analytic expression of the final mean phonon number of the MR in its steady state. Further, based on the EIT-like mechanism, we get the optimal cooling conditions by putting the cooling process of the MR corresponding to the right peak of the desired optical fluctuation spectrum and the heating process to the tip of the spectrum. We find the MR can be cooled close to its ground state via such an EIT-like cooling mechanism even when the original resolved sideband condition is not fulfilled without considering the additional cavity. Besides, the parameters we choose are experimentally feasible. This may benefit forward achieving quantum ground state of MRs in experiments and further possible applications involving quantum information processing based on MRs.
